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Introduction. The sphere is known to be the universal covering for complete connected Riemannian manifolds of constant positive curvature. More precisely, if M is an n-dimensional complete connected Riemannian manifold of constant sectional curvature k2 > 0 with k > 0, and if Sn is the sphere of radius k-1 in Euclidean space RI'+', with the induced metric, then there is a covering of M by Sn such that the covering projection is a local isometry. Because of this phenonmenon, the complete connected Riemannian manifolds of constant positive curvature are called the "spherical spaceforms." In his thesis, G. Vincent [14] attempted to classify them. Following this line of investigation, we take a compact connected Riemannian homogeneous manifold M and ask which Riemannian manifolds admit M as a Riemannian covering manifold. In Chapter I, this problem is reduced to a problem on discrete subgroups of compact Lie groups:
Given a compact Lie group G and a closed subgroup K, find all finite subgroups r of G such that r meets the union of the conjugates of K only at the identity element of G.
For the most part we restrict our attention to the case where r lies in the identity component of G, or, equivalently, where G is connected. In Chapter II we obtain some bounds on the ranks of abelian subgroups of r, and see that the problem of classifying these groups r is inaccessible unless rank. G -rank. K?_ 1.
Chapter II ends with a sharper bound on the ranks of abelian subgroups of r, in case rank. G -rank. K = 1, which implies that every abelian subgroup of r is cyclic if the semisimple part of G is simply connected and r lies in the identity component of G. We remark that H. Zassenhaus [16] and M. Suzuki [13] have given a complete classification of the finite groups with all abelian subgroups cyclic. Under certain conditions on G, K and the order of r (Corollary 10. 1) it follows that r itself is cyclic.
In Chapter III we obtain an arithmetic criterion (Theorem 6), assuming G and K connected, for an arbitrary given finite cyclic subgroup of G to act freely on G/K. This criterion involves the Weyl group of G and the position of K in G. It is applied to an arbitrary finite subgroup E of G by finding cyclic subgroups of Y such that every element of Y. is ad(G)-conjugate to an element of one of these cyclic subgroups. Applying to the case where G is a classical group we obtain some information on elements of order 2 in r, assuming rank. G -rank. K =1.
Finally, we sharpen the bound on the ranks of abelian subgroups of r in case G is a special orthogonal group. In Chapter V we apply the arithmetic criterion again to the case where G is a classical group. Chapter VI is a consideration of the case where rank. G rank. K, i. e., the Euler characteristic x (M) -7 0, and shows that M covers only a finite number, up to isometry, of Riemannian manifolds.
Our problem can be considered as a generalization of the classical CliffordKlein problem of finding all spherical space-forms, in that we have replaced the sphere by an arbitrary (for Theorems 1 to 4 and Theorem 6), or at least more general, compact connected Riemannian homogeneous manifold. Another direction of generalization is that of considering finite groups which admit a free topological action on a space similar in some way to a sphere. In this regard, we mention some of the work of P. A. Smith [11] , P. E. Cbnner [5] , J. Milnor [8] and A. Heller [6] .
I especially wish to thank Professor S. S. Chern, under whose guidance this paper was written, for many helpful discussion and comments. I also wish to thank Professors A. Borel, H. C. Wang and R. S. Palais for many helpful discussions. Some of Professor Borel's work [1, 2] is crucial to this paper, and Professor Palais pointed out a lemma of Mostow used in the proof of Theorem 11.
Chapter I. Reduction to a problem on Lie groups. I. 1. Covering spaces. In order to establish notation and terminology we will recall some well-known facts and definitions concerning covering spaces. All spaces will be llausdorff and all maps will be continuous.
A covering is a map p: X -> X' of arewise connected, locally simply connected spaces where every element of X' has a neighborhood U such that P maps each component of p-(U) homeomorphically onto U. p-1 (x') is the fibre over x' EX'. All fibres have the same cardinality, the multiplicity of the covering. A finite covering is a covering of finite mrultiplicity. p induces a monomorphism of fundamental groups, and the covering is normal if p 7r1(X) is a normal subgroup of 7r1(X'). This is independent of choice of basepoints. If H is a subgroup of 7r1(X), there is a covering q: Y--X' and a choice of basepoint in Y such that q -7r (Y) = H. THEOREM 1. If p: X --X' is a finite covering, there is a finite normal covering q: X" -* X, where pq: X" -* X' is a finite normal covering.
Proof. The multiplicity of p being equal to the index of H = p 7r1(X) in 7r1(X'), the normalizer N of H in 7r1(X') has finite index in 7r1(X'). Consequently ( [7] , p. 82) H has only a finite number of conjugates in 7r1 (X'), so ( [7] , p. 62) the intersection J of the conjugates of H has finite index in 7r1(X'). Let q: X"--X be a covering, where qi7r1(X")-p-1(J), and the normality conditions follows from the construction of J. QED.
An action of a group r on a space X is effective if the identity element of r is the only element inducing the identity transformation of X, is free if the identity element of P is the only element which leaves fixed a point of X, and is properly discontinuous if every point of X has a neighborhood which does not meet any of its transforms under r. If X is compact, the action of r is properly discontinuous if and only if P is finite and acts freely. The set r(x), the orbit of a point x of X, is the set of images of x under r. The space X/lr of orbits is given the quotient topology for the natural projection x -> P (x); the natural projection X -* X/r is a covering if and only if r acts properly discontinuously on X.
A deck transformation of a covering p: X-* X' is a homeomorphism y: X -> X, where p y= p. The group P of all deck transformations acts properly discontinuously on X, and ( [12] , ? 14) p is a normal covering if and only if r is simply transitive on each fibre, i. e., if and only if p: X-> X' is a principal bundle with group r, i. e., if and only if X' = X/r.
A Riemannian covering is a covering p: M -1M', where 31 and M' are Riemannian manifolds and p is a local isometry. If just one of M and M' is a Riemannian manifold, the requirement that p be a local isometry gives a Riemannian structure to the other and makes p a Riemannian covering. We easily see that a deck transformation is an isometry of M1, because p is a local isometry.
A Riemannian homogenebus manifold is a Riemannian manifold whose group of isometries is transitive. THEOREM 2. If q: M" -* M is a Riemannian covering and M is Riemannian homogeneous, then M1" is Riemannian homogeneous.
Proof. A one-parameter group of isometries of M is a homotopy and can be lifted to M" by the covering homotopy theorem. The lifted homotopy consists of isometries of M" because q is a local isometry. It follows that the group of isometries of M" is locally transitive and therefore transitive. QED.
I. 2. Reduction to a problem on discrete subgroups of compact Lie groups. THEOREM 3. Let M be a compact connected Riemannian homogeneous manifold, G the group of isometries of M, K an isotropy subgroup of G, and r a subgroup of G. Then r is a properly discontinuous group of isometries of M if and only if r is finite and r n ad(G)EK-1, where 1 is the identity element of G and ad(G)K is the set of all ad(g)lkc==glcg-1 with gE G and
Proof. M is compact and r is a group of isometries of llI, so r is a properly discontinuous group of isometries of 71 if and only if r is finite and acts freely on M11. G is transitive on M, so the isotropy subgroups of G are the subgroups ad (g):K with g E G. r acts freely on M if and only if it meets each isotropy subgroup only at 1. Hence r acts freely if and only if r nad(G)K i1. QED.
Using Theorems 1, 2 and 3, we see that the original problem Given a compact connected Riemannian homogeneous manifold M, find all Riemannian manifolds which admit a Riemannian covering by M.
is reduced to the problem Given a compact Lie group G and a closed subgroup K, find all finite subgroups r of G such that P n ad (G)K = 1.
by taking G to be the group of isometries of a finite Riemannian covering manifold of AI and K to be an isotropy subgroup of G. We then note that G and K are both compact, each has only a finite number of components, and K meets every component of G.
Chapter II. Necessary conditions for a finite group to act as a properly discontinuous group of isometries of a compact connected Riemannian homogeneous manifold.
Given a compact Lie group G and a closed subgroup K, we will find some necessary conditions on finite subgroups P of G for rn ad(G)K = 1.
These will involve the ranks of G, K, and some subgroups of r. The rank of a finite abelian group B is the minimal number of factors in a direct product decomposition of B into cyclic groups, and is denoted rank. B. For example, if p is a prime, the elementary p-group with ph elements, (Z.) h = Zp X * X Z4, the direct product of h copies of the cyclic group of order p, has rank h. The rank of B is the maximum of the ranks of its elementary p-subgroups, and B is cyclic if and only if rank. B ? 1. If p is a prime, the p-rank of B, denoted p-rank. B, is the rank of a p-Sylow subgroup of B. It is the maximal integer h such that B has a subgroup isomorphic to (Zp ) h.
The rank of a compact Lie group H, denoted rank.H, is, as usual, the common dimension of the maximal toral subgroups of H. II. 1. A bound on the ranks of certain abelian subgroups. Proof. Let T' be a maximal torus of K, T a maximal torus of G which contains T', n--rank. G and k = rank. K. We replace B by a conjugate which lies in T and still have B n ad (G)K = 1, hence B n T' = 1. It follows that the canonical map of T onto the (n -k) -torus T/T' maps B monomorphically. Since a finite subgroup of an (n -k) -torus has rank at most n-k, we conclude rank. B < n -k. This proves the first statement.
Let Ko be the identity component of K, G0 the identity component of G, W= {w1, . -, wq} an enumeration of the Weyl group of G0 with respect to T, and {a1, , at} a set of automorphisms of Go which preserve T such that the automorphism group ad (G) of Go can be written as the union of the a* ad( G0). Two elements of T are ad( G0) -conjugate if and only if they are W-conjugate, and it follows that an element of T lies in ad(G)KO if and only if it lies in one of the Tj == a,(wj(T')).
As there are only a finite number of the kc-tori Tij, there exists an (n -7k) -torus V in T which intersects each Tij in a finite group. Let m (G, K) be the product of the primes occurring in the orders of these finite groups and in the order b of K/KO. Let 83E V have order prime to m(G,K) and lie in ad(G)K. Then We can find a subgroup A' of V which is isomorphic to A because V is an (n -7k) -torus and A is a finite abelian group of rank at most n -k. The considerations above show that A' l ad(G)K= 1 if the order of A, hence of A', is prime to m (G, K). QED.
In Chapter III we will see examples where K, and even G, is connected and m (G, K) must be even, hence m (G, K) > 1.
II. 2. The work of A. Borel on torsion and subgroups which, lie in a torus. A. Borel has proved ( [1] , Chapter XII) that if G is a compact connected Lie group with classifying space BG, p is a prime, and the integral cohomology ring H* (Be, Z) has no p-torsion, then every elementary p-subgroup (subgroup isomorphic to some (Z,) h) of G lies in a torus of G. A case by case check proves the converse. Borel has also shown that H* (G, Z) has p-torsion if and only if H* (BG, Z) has p-torsion, using known results and checking the case p= 5 for E6, p==5 and p= 7 for E7 and p=7 for E%. The summary of the situation is that the following are equivalent:
1. H* (G, Z) has no p-torsion.
2. H* (Ba, Z) has no p-torsion.
3. G,, being the semisimple part of G, H* (G,,, Z) has no p-torsion. 4 . ri (G.) has order prime to p, and, if G' is a simple factor of the universal covering group of G,,, then H* (G, Z) has no p-torsion.
Finally, if H is a compact, connected, simple, simply connected Lie group, then H* (H, Z) has p-torsion in precisely these cases:
1. p 2 and H=E8, E7, E6, F4, G2, or Spin(n) with n > 7.
2. p 3 and H= E8, E7, E6, or F4.
p 5 and H=E8
An immediate consequence of Theorem 4 and this work of A. Borel is: THEOREM 4'. Let G be a compact Lie group of rank n, K a closed subgroup of rank k, and r a finite subgroup of the identity component GO 
Then if p is a prime for which H*(G0,Z) has no p-torsion, every abelian subgroup of r has p-rank ? n -lc. If H* (G0, Z) is torsion-free, every abelian subgroup of r has rank_? n -k.
It is now clear that the problems in applying Theorem 4 are closely related to the existence of p-torsion in G. This is of two sorts-p-torsion from the fundamental group of G and p-torsion from the simply connected versions of the simple factors of G. Finally, we can only hope to classify our groups r in case rank. G -rank. K < 1 due to the )resent rate of the theory of finite groups. We will see, however, that p-torsion in G is of little importance in case rank. G = rank. K, and that only the p-torsion from 'X, ( G) is of importance in case rank. G -rank. K-1.
In addition to the results mentioned above, A. Borel has shown [2] Let G be a compact connected Lie group, 7ri(G) torsion-free and x E G. The centralizer of x in G is connected.
As the identity component of the centralizer of x in G is the union of the maximal tori of G which contain x, it easily follows, if 7r (G) is torsion-free, that every abelian subgroup of G with 2 generators lies in a toru-s of G. We will depend heavily on this result of A. Borel in the next section.
II. 3. A further bound on the ranks of abelian subgroups. The main purpose of this section is to prove: THEOREM 5. Let G be a compact connected Lie group, K a closed subgroup with rank. G -rank. K =1, P a finite subgroup of G with r n ad(G)K -1, p a prime, and h (p) the p-rank of 7ri (G). Then every abelian subgroup of r has p-rank ? h (p) + 1. If h (p) =2, then every abelian subgroup of r has p-rank < 2.
We will first need a few lemmas. The first two of these lemmas are known, but not well-known, so it seems best to write them out. Proof. Gs, has finite center and G = Gs . Z (G),. Note that ker. 4 is finite and lies in the center of GaS X Z (G),o LEMMA 5. 2. Let G be a compact connected Lie group. As a topological space, G is homeomorphic with Gs X Z (G)O. As Z(G), is a torus, it follows that the torsion subgroup of iri (G) is isomorphic to 7r, (G,,), and in particular p-rank. 7r1 (G) p-rank. r1 (G,,) for every prime p.
Proof. We proceed by induction on the dimension s of the torus Z(G)o, and the lemma is trivial if s = 0. If s = 1, we consider the principal bundle
with connected group GSS and base which is a 1-sphere. Since this is a trivial bundle ( [12] , p. 99), G is homeomorphic to Gss X (1-sphere), which is homeomorphic to G,s X Z (G), Now assume s > 1. Take a subgroup H of G which is generated by Gs, and an (s-1)-torus T in Z (G),. H is homeomorphic to Gs, X T by induction. As before, the principal fibre bundle G--> G/H tells us that G is homeomorphic to H X (1-sphere), so G is homeomorphic to GaS X Z(G),. Now note that 7ri(G) ===7r(G8ss) X7rl (torus) and iri(torus) is a free abelian group. QED. Let u and v be elements of a group H such that w = [u, v] comm.utes with u. uV = wvu and we assume u"-lv -wn-lvu'-l by induction on n. Hence UnV -q UUn1V-uwU-lVun-1 Wn-lUV1Un Wn-1wvuun-1 = WVnUn in general. In other words, [ in B which is the 0-image of an abelian subgroup S of G' X Z (G)o. S is generated by two elements. By a theorem of A. Borel, mentioned in ? II. 2, S lies in a torus of G' X Z(G)0o so 0(5) lies in a torus of G. Hence r contains a (Z)2 which lies in a torus of G. As rank. G -rank. K = 1 and r n ad (G) K = 1, this contradicts Theorem 4. The proof that h (p) 2 implies p-rank. B ? 2 is identical. QED. COROLLARY 5. 1. Let G be a compact connected Lie group which has torsion-free fundamental group, i. e., such that G,, is simply connected. Let K be a closed subgroup of G such that rank. G -rank. K = 1 and let r be a 2 finite subgroup of G such thatr n ad(G)K 1. Then every abelian subgroup of r is cyclic. The odd Sylow subgroups of r are cyclic and the 2-Sylow subgroups are cyclic or generalized quaternionic, i. e., given by two generators A and B with the relations A = 1, A2a-2 -B2, BAB-' = A-', a integer, a> 2.
Proof. Let V be an abelian subgroup of r and write V as a product of p-subgroups. By Theorem 5, each of these p-subgroups has rank ? 1, hence is cyclic. Since V is a product of cyclic subgroups of pairwise relatively prime orders, it follows that V is cyclic. The rest is known ( [14] , Chapter I) to follow. QED.
Chapter III. An arithmetic criterion and first application to the classical groups.
III. 1. Angular parameters and the arithmetic criterion. Let G be a compact connected Lie group of rank n, K a closed connected subgroup of rank k, T a maximal torus of G which contains a maximal torus T' of K, W= {w,, * . , w} an enumeration of the Weyl group of G relative to T, and T =w,(T').
We choose an integral basis of the Lie algebra T of T, i. e., an ordered basis X = {X,,. . . , X4 of T such that exp ( a8X,) -1 if and only if each a, is an integer. The Lie algebra Ti of Ti can be described as the set of all elements E, a8X, of T such that zY v,8a, == 0 for 1 < j < n -kc where each {vij,, * * , . vijn} -Vj is an ordered set of relatively prime integers.
The vij8 can be chosen to be rational because each Ti is closed in T, and the obvious normalization transforms each Vij into a set of relatively prime integers.
DEFINITION.
The q(n -k) ordered sets VYj of relatively prime integers are the angular parameters of K in G relative to X.
We remark that, for a given K and G, the choice of X does not specify the angular parameters of K in G uniquely.
Let r be a finite subgroup of G. We choose cyclic subgroups {yt} = rt of r such that every element of r is ad (G) -conjugate to an element of one of the rt. Then r n ad(G)K=1 if and only if rt n ad(G)K= 1 for each t. The angular parameters of K in G give us an arithmetic criterion for rtfnad(G)K=-1: Proof. Each b, = ma3 is an integer because X is an integral basis of T and exp (mX) = exp (, b3X8) is conjugate to PM = 1. We will use the notation leading to the definition of the angular parameters of K in G relative to X. An element of T lies in ad(G)K if and only if it lies in one of the Ti, so B n ad(G)K = 1 if and only if exp(rX) , Ti for any i whenever r E 0 (mod n). X being an integral basis of T, exp (rX) E Ti if and only if there is a choice a, of integers such that rX + Es asXs =E(ra, + aj,)Xs lies in T7, i. e., such that E vij,(rb, + maj,) = 0 for 1 < j < n-k. Reducing modulo m this says that r Es vjsb, 0 for 1 < j _n -kc. If r # 0 (mod m), this implies that Vi is not a set of relatively prime integers. Now suppose tha-t Vi is not a set of relatively prime integers. Then there is an integer r#0 (mod m) such that rE,vqjjb, -0 (modm) for 1 < j < n-k. We will show that exp (rX) E Tj, so 83r ad(G)K. Let Uij be the (n -1) -torus whose Lie algebra Uij is the hyperplane E vijsx = 0 in T, where the x, are coordinates relative to the basis X. T n= i U,1. VIj being a set of relatively prime integers, we have integers c,,j with Es cijsvij, = 1. The congruences r E, vij1b3-0 (mod m) gives us integers tj with mtij + r E, vijb, =0, 0so we have integers aij, = cq1tq such that E, vj (rb +-maj,) = 0, for 1< j <n-k.
This just says that exp (rX) C Uij for 1 ? j <n-k, so exp(rX) C Ti. QED.
Theorem 6 can be used to check r n ad (G) K = 1 provided that the intersection of K with the identity component G0 of G is connected and r c G0. Let {ft} be automorphisms of G such that the automorphism group ad(G) of G is the union of the ad(U0) *ft. Let Kt=ft(K)fn G0. Given r c GUo r n ad(G) K = 1 if and only if r n ad(G0)Kt= 1 for every t. We can check the rPnad(G0)Kt= 1 with Theorem 6 and thus check rn ad(G)K=-1.
The application of Theorem 6 is simplified when the Weyl group W of G acts on the integral basis X by signed permutations: the angular parameters can then be chosen so that each VYj is obtained from Vlj by the same signed permutations. We will use this trick when G is a classical group. III. 2. Even and odd subgroups of the classical groups. By the classical groups we mean the unitary groups U (n), the special unitary groups SU (n), the symplectic groups (often called the unitary symplectic groups) Sp (n), the special orthogonal groups SO(n), and the spin groups (universal covering groups of the special orthogonal groups) Spin (n). They are all compact connected Lie groups. U (n) has rank n, semisimple part SU (n) and fundamental group infinite cyclic. SU (n + 1) has rank n, is simple for n > 1, and is simply connected. Sp (n) has rank n, is simple for n > 1, and is simply connected. Sp (n) can be viewed as all elements of U (2n) which preserve an antisymmetric nondegenerate 2-form on complex Euclidean space C2f.
Given an orthonormal basis {e1,. . . , e2,f} of 02n, we'll use the form 2n 2n n A ( xjej, yjej) = E (xjyj+ -YjXj+n). SO(2n or 2n + 1) has rank n. SO(k) is semisimple for k ?3, simple for 4 k Ic >3, has fundamental group Z2 if c> 3, and has universal covering group Spin((k).
Given a classical group G, we have a canonical choice of a maximal torus T of G:
1. G U (n). T is the set of all matrices diag{a,, a *,,}, where each a1 is a unimodular complex number.
G = SU (n)
. T is the set of all diag{a1, * ,an} of determinant 1, where each aj is a unimodular complex number. 3. G= SO(2n or 2n + 1). Let 12 be the 2 X 2 identity matrix; exp (tXj) ==diag{I2, *, 2,R (t), 2, I ,, I, (1) ), where R (t) is the j-th block.
G=Sp (n)
The Weyl group W of G acts on XG by signed permutations:
1. G_ U(n). W acts on XG by all permutations.
2. G Sp (n) or SO (2n + 1). W acts on XG by all signed permutations. , Wq} is an enumeration of the Weyl group of G relative to T, W envisaged as a group of signed permutations on n-tuples from its action on XG, the angular parameters of K in G relative to XG are the Vij 7wi (IVj).
DEFINITION. The n -k ordered sets Vj of relatively prime integers are the canonical parameters of K in G-U(n), Sp(n) or SO(2n or 2n + 1).
Let K be a closed connected subgroup of rank le -1 in SU (n). Viewing SU (n) as a subgroup of U (n), K has canonical parameters VI, , Vnk+ in U(n). We may assume that Vk+l {1 1,. . 1.
DEFINITION. The n -ik ordered sets V1, .
, VnIk of relatively prime integers are the canonical parameters of K in SU(n).
Let K be a closed connected subgroup of rank k in Spin(2n or 2n + 1) and let f: Spin--> SO be the natural projection. We will use the canonical parameters VI,,. . . 7,Vk of f(K) in SO(2n or 2n + 1) for the canonical parameters of K in Spin(2n or 2n + 1):
DEFINITION. The n -k ordered sets Vj of relatively prime integers are the canonical parameters of K in Spin(2n or 2n + 1).
Given a closed connected subgroup K of a classical group G and an integral basis X of the Lie algebra of a maximal torus of G, we can always construct the angular parameters of K in G relative to X from the canonical parameters of K in G.
The fact that the Weyl group acts on the canonical parameters by signed permutations allows us to define: DEFINITION. Let K be a closed connected subgroup of a classical group G U (n), SU (n), Sp (n), SO (2n or 2n + 1) or Spin (2n or 2n + 1) such that rank. G -rank. K 1. Let V = {v1,. , vn} be the canonical parameter of K in G and set v = vv2 * v. Then K is an even subgroup of G if v is an even integer; K is an odd subgroup of G if v is an odd integer.
The most familiar examples of even subgroups are U(n-1) c U(n), SU(n -1) C SU(n), Sp(n-1) C Sp(n),
SO (2n-1 ) C SO (2n) and Spin (2n -1) C Spin (2n).
In these examples the canonical parameter can be taken to be {1, O, -, 0).
III. 3. The orthogonal groups. If G is a classical group U(n)
, SU (n + 1), Sp (n) or Spin (2n or 2n + 1) of rank n, K is a closed connected subgroup of rank n -1 and r is a finite subgroup of G such that P n ad (G) K =-1, then Corollary 5. 1 tells us that every abelian subgroup of r is cyclic. If, however, G = SO (2n or 2n + 1), then we only know that every abelian subgroup of r is of the form ZX X Z,, where u is a power of 2. As it is known [11] that a (Z2)2 cannot act freely on the sphere S2n-1 -SO(2n)/SO(2n -1), there is, at least for some choices of K, room for improvement: THEOREM 7. Let G be a special orthogonal group SO(q) =SO(2n or 2n + 1) of rank n and let K be a closed connected subgroup of rank n -1 > 0.
If K is odd, G has a subgroup B isomorphic to (Z2)2 with B n ad(G)K-1.
If K is even and r is a finite subgroup of G such that r n ad(G)EK 1, then every abelian subgroup of r is cyclic. Suppose K is odd. Then each of the vj is odd, so we must exhibit a (Z,)2 in G in which every elemenit z 1 has the eigenvalue -1 of multiplicity congruent to 2 modulo 4. Let It be the t X t identity matrix; then such a THEOREM 8. Let G be a classical group U(n), SU(n), Sp(n), SO(2n) or Spin(2n) and let K be an even subgroup (hence closed and connected, and rank. G -rank. K = 1). Let r be a finite subgroup of G such that r n ad(G)K=: 1. Then r has at most one element of order 2, and an -element of order 2 in r is central in G. Let H be a closed connected subgroup of SU (n) such that rank. SU (n) -rank. H =1 and let X be a finite subgroup of SU(n) such that Y,nad(SU(n)) H=1.
Then both n and H are even if > has an element of order 2.
Proof. Suppose G # Spin (2n) and let y C r have order 2. As in the proof of Theorem 7, the arithmetic criterion shows that y has the eigenvalue -1 with multiplicity 2n if G = SO (2n) or Sp (n), and with multiplicity n if G= U(n) or SU(n). Hence y is conjugate to -1, the negative of the identity matrix in G. As -I is central in G, y == -I and is central in G. Now suppose that G = Spin (2n) and f: G -* SO (2n) is the natural mapx Let -1 denote the element of order 2 in ker. f. If -1 is in Pt or K, then r or K consists of whole f-fibres and we have f(r) n ad(SO(2n) )f(K) = 12fn.. If -1 is in neither r nor K, then either f (r) n ad(SO (2n) )f (K) = 12n or r has an eleinent y7l1 such that I2n7zf (y) E f(r)n ad(SO(2n))f(K).
We will show that this last alternative does not occur. For if it does, K has; a conjugate K' such that -y C K'. y has order 2, for y g ker. f but This implies that both -y and -y are in ad(G)K, which contradicts p n ad(G)K 1. Now we can assume that f (p) n ad(SO (2n) )f(K) = I2n. f(K) is an even subgroup of SO (2n) because K is even in Spin (2n), so an element of f(P) of order 2 is -I2n. It follows that an element of r of order 2 lies in f1l({( ? 2n}), hence is central in Spin(2n). Uniqueness follows from Theorem 5.
Let G = SU(n) and let a C : have order 2. If H is odd, the arithmetic criterion implies that the eigenvalue -1 of a has odd multiplicity, contradicting det. f f1.
Thus H is even. If n is odd, we again contradict det. u = 1, for, H being even, the arithmetic criterion says that u = -In. QED.
Chapter IV. Finite subgroups of classical groups which have all abelian subgroups cyclic.
Theorems 5 and 7 tell us that if G is a classical group and K is a closed connected subgroup, assumed to be an even subgroup if G is special orthogonal, such that rank. G -rank. K 1, and P is a finite subgroup of G such that r n ad (G)K -1, then every abelian subgroup of r is cyclic. For this reason, we'll examine the finite groups with all abelian subgroups cyclic.
IV. 1. Classification of finite groups with all abelian subgroups cyclic. The finite groups with all abelian subgroups cyclic fall into two classes ( [14] , -Chapter I)-those with all Sylow subgroups cyclic, and those with odd Sylow subgroups cyclic and 2-Sylow subgroups generalized quaternionic. H. Zassenhaus ( [16] , p. 198, p. 202) and M. Suzuki ([13] , p. 689) have given a complete classification of these groups in terms of generators and relations. We will not use this classification, but rather will rely on a simpler description given in HI. Zassenhaus' book ( [17] , p. 175) for the finite groups with all Sylow subgroups cyclic, and on the fact that a finite group with all abelian subgroups cyclic has all Sylow subgroups cyclic if its 2-Sylow subgroups are not generalized quaternionic. For reference, the generalized quaternionic groups are the groups Q2a of order 2a, a ? 3, given by A 2a~-1, B2 -A2a-2, BAB--A-', a integer, a ? 3.
A finite group of order N with all Sylow subgroups cyclic is given by Am = Bn -1) BAB-1-= Ar, O < M, mn n N, ( (r -1) n, rn) = 1, rn -=1 (mod mn).
Our plan of attack is to calculate representations of these groups in the classical groups, and find conditions under which the image of a representation acts freely on an appropriate coset space. Sr is unitarily equivalent to its conjugate representation Sr*, and is equivalent to a real representation if and only if r is even. As before, we set R(t)=( cos (2rt) sin(2 t) )ESO(2); the irreducible orthogonal repre--sin (2irt) cos (2irt) sentations of Q2a are: Chapter V. A second application of the arithmetic criterion to the classical groups.
V. 1. Generalized quaternionic subgroups of classical groups which act freely. Suppose G is a classical group of rank n and K is a closed connected subgroup of rank n -1, assumed to be an even subgroup if G is a special orthogonal group. A generalized quaternionic subgroup r of G can be considered to be the image of a faithful G-representation of the appropriate Q2a. Since we know these representations explicitly, we can apply the arithmetic criterion to check whether r n ad ( G) K 1. The importance of this procedure is that if no generalized quaternionic subgroup of G can act freely on G/K, then every finite subgroup of G that acts freely on G/K has all Sylow subgroups cyclic. Such groups have particularly simple structure among the finite groups with all abelian subgroups cyclic. THEOREM 9. 1. Let G be a classical group U(n), SU(n), Sp(n), or SO (2n or 2n + 1), K a closed connected subgroup with rank. G -rank. K = 1, V = {v1,, , v%} the canonical parameter of K in G, and q the number of vj which are odd. Then G has a generalized quaternionic subgroup r such that r n ad(G)K= 1 if and only if n is even and q is odd, if G:=7/Sp(n); q is odd or q n, if G-=Sp(n). If G has a generalized quaternionic subgroup r such that rn ad(G)K ==1 and if B is any generalized quaternionic group, then G has a subgroup B' isomorphic to B such that B' n ad(G)K = 1. If K is an even subgroup in case G=SO(2n or 2n+ 1), if n is odd or q is even, if G =A Sp(n); q is even and q < n, if G==Sp(n), and if X is a finite subgroup of G such that Y.f nad(G)K 1, then every Sylow subgroup of : is cyclic.
Proof. Let r be a generalized quaternionic subgroup of G= U (n), Sp (n) or SO (2n or 2n + 1), considered as the image of a faithful G-representation F of Q2a. Checking the various possible summands of F, we see that every element of r is ad(G)-conjugate to a power of F(A) or F(B); it follows that r n ad(G)K 1 if and only if {F(A)} nfad(G)K==1 = {F (B) } n ad ( G) K. We will apply the arithmetic criterion (Theorem 6) to these two cyclic subgroups of r. When we do this, the integer m in the formulation of the arithmetic criterion will be a power of 2, as r is a 2-group, so we may ignore the integers bj which are even. As the kernel of a nonfaithful G-representation of Q2a contains the element B2 =-A2 2 of order 2, this means we need only consider the faithful summands of F. Replacing r by an ad(G)-conjugate if necessary, we can assume F = S1+ ' '+ Sr, if G =U(n) or Sp(n) and F=Tr,+ *+Tr, if G=-SO(2n or 2n+1), where the rj are odd. An application of the arithmetic criterion now tells us that the condtion for r n ad(G) K = 1 is that, for every element g of the are odd for any arrangement of ? signs, requiring only that the number of minus signs be even if G=SO(2n),  if G=SO(2n 'or 2n+ 1). As the rj are odd, the first number has the same residue mod 2 as the second, so we may ignore the first one in each case. Similarly, we may ignore signs. We now 28 see that the condition for r n ad(G)K = 1 is that, for every g E S(n), E vg(j) 8 j=1 is odd if G#Sp(n); Evg(j) is odd if G = Sp(n). This is independent of j=1 a and of the rj, and depends only on n, s and q. It happens if and only if n 2s and q is odd if G =;Sp(n); q is odd or q=n if G-Sp(n). The theorem is now proved except for G=SU(n). Suppose G= SU(n) C U(n) and let K' be a closed connected subgroup of rank n-1 in U(n) such that K==K' n SU(n). If r is a subgroup of SU(n), rn ad(SU(n))K = r n ad (U (n) ) K', so we are done because a generalized quaternionic subgroup of U(n) can be assumed, for purposes of checking r n ad(U(n) )K'= 1, to be the image of a sum of Sri with rj odd, and hence can be assumed to lie in SU(n). QED.
The situation with the Spin groups is more complicated because of the relative abundance of faithful Spin-representations of the generalized quaternionic groups. Proof. f: U Spin -4 SO = G' being the natural projection, -1 is the element of order 2 in ker. f and K' f (K). Suppose K is even, so -1 E K; given a subgroup r of G, r n ad(U)K= 1 if and only if f( r) nad(G')K'= 1 and -1 P. A generalized quaternionic subgroup r of U not containing -1 is ad (G) -conjugate to the image of a faithful G-representation F' T'r +*** + T'r, + t', t' not faithful, of Q26. f F' is a faithful G'-representation F = Tr, + -* + Trs + t, t not faithful, of Q2a. In the proof of Theorem 9.1 we saw that f(r) n ad(G)K'= 1 if and only if n-=2s and q is odd, and this is independent of the choices of a and of the odd integers rj.
If n 2s, then t, and hence t', is trivial because F represents by matrices of determinant 1. Now suppose K is odd. Given a,> 3 we will construct a subgroup r' of G', isomorphic to the dihedral group D2a-1 of 2a-1 elements, such that r' f ad(G')K'=1 and =Pf-1(r') is isomorphic to Q2a. Then -1 will be the element of order 2 in r. Given yE Er n ad(G)K, f(y)= 1; as -1 , K it follows that y=l, so rn ad(G)K==i.
Let r' be a dihedral 2-subgroup of G'. As D2a-l is the quotient of Q2a by the subgroup generated by B2-A2 2, we may view Iv as the image of a representation F = S2r1 + * * '+ S2r1 + S4t1 + * * * + S4t, + s, rj odd and s a sum of 0(1) -representations, of Q2a. Let 2w' and w be the multiplicities of the eigenvalue -1 of s(A) and s(B); the eigenvalue -1 of F(B) has multiplicity u + v + w = 2x. K' is odd because K is odd; as in the proof of In this case, every element of r' is conjugate to a power of F (A) or F (B) and we have u=p+q=x, w' =-O; it follows that i'fnad(G)K'=1 if and only if p + q is odd. rank. K > 0 implies n > 1, so we can find non-negative integers p and q with p + q odd and 4p + 3q C 2n, hence a G'-representation F of the form (*) with p + q odd. QED. V. 2. Subgroups of the unitary group which have all Sylow subgroups cyclic and act freely. Suppose that K is a closed connected subgroup of U (n) of rank n -1 and r is a finite subgroup of U (n) with all Sylow subgroups cyclic. r is conjugate to the image of a faithful representation of an abstract finite group , with all Sylow subgroups cyclic, and we can replace r by that conjugate. We will apply our arithmetic criterion (Theorem 6) to see whether r n ad(U(n) )XK 1. This is of considerable interest if n is odd or the number of odd elements of the canonical parameter of K in U(n) is even. for then every finite subgroup B of U(n) such that B n ad(U (n) )K = 1 has every Sylow subgroup cyclic.
Let N be the order of E. We represent X by generators and relations: Am Bn= 1, BAB-l=Ar, 0K<m, mn=N, ((r-1)n,m) = 1 and rnl1 (mod n). If Y is cyclic, m = 1 and this becomes BN 
If r is cyclic of order t and has a generator y with eigenvalues exp (Xtrir/t) , -* , exp (2-rir./t) , and V = {v1, , v4} is the canonical parameter of K in U(n), a direct application of the arithmetic criterion shows that r n ad (U (n) ) K = 1 if and only if , r8vg () is prime to t for every element g of the permutation group S (n). We will, then, ignore this case and henceforth assume that E is not cyclic.
In the notation of ? IV. 3, we can assume that r is the image of the
Given an integer u and a divisor mj of m, we define u()- , Vq} the canonical parameter of K in U(q), S(q) the group of all permutations on {1,2, -,q} and r a finite subgroup of U(q) which is the image of a faithful representation aF bfi F = Efjk, of the abstract finite non-cyclic group : with all Sylow subj=1 p=1 groups cyclic. Then r n ad (U(q) )K= 1 if and only if for every g E S(q) we have:
Proof. Suppose first that the order of F is prime to 2q. As every abelian subgroup of r is cyclic and r has odd order, every Sylow subgroup of r is cyclic. Formula 2 of Theorem 10 now says that mkjp + (mr/nj)nmre is prime to mn', hence to m, so mj = m and consequently each dj = d. This implies that d divides both q and the order of r, which are relatively prime, so d = 1. But d = 1 ifplies r = 1 and thus that r is cyclic.
Suppose r has order mn with m and n prime, and that r is not cyclic. As r is not abelian, mn =? n. It follows that every Sylow subgroup of r is cyclic, so we look at Theorem 10, which, by switching mn and n if necessary, is directly applicable. dI n and n is prime, so d = 1 or d m n. As d -1 implies that r is cyclic, d = n. Formula 2 of Theorem 10 then shows mj = m, so n' mn'= 1. Formula 1 of Theorem 10 then says thlat kjp + e is prime to n for 0 ? e < n, which is impossible. QED.
In addition to providing known information on spheres, Corollary 10. 1 tells us something about the Grassmann manifolds SO(2q)/S0(2q-2), SO(2q + 1)/SO(2q- 1) and SO(2q + 1)/SO(2q -2). The formulae of Theorem 10 can yield all sorts of information by placing special conditions on the canonical parameter.
Chapter VI. Manifolds with non-zero Euler characteristic.
After stating that we would for the most part concentrate on the case rank. G -rank. K < 1, we devoted our attention primarily to the case rank. G -rank. K= Remark. If dl' admits a Riemannian covering of multiplicity n by 21/, we have x(M) =mn x(M').
As x(M') must be an integer, it is clear, intuitively speaking, that one can go down only a finite number of steps from M1. The theorem says, then, that there are only a finite number of steps from M. The theorem says, then, that there are only a finite number of " directions " in which one can go down. These various " directions " will be seen to correspond roughly to the subgroups of the finite group G/G,,, where G, is the identity component of the group G of isometries of M.
Proof. We will first show that we may assume M simply connected, so that we will only have to consider normal coverings, i. e., coverings which are effectuated by the group of deck transformations. Let K0 be the intersection of an isotropy subgroup K of the group G of isometries of M with the identity component GO of G, so Al = GO/KO. K0, contains a maximal torus of GO but contains no nontrivial normal subgroup of Go; it follows that GO is centerless, hence semisimple, and thus has finite fundamental group. The homotopy sequence of the fibring G, -* GO/Ko AM then shows that M has finite fundamental group, so the universal Riemannian covering manifold M" is compact. We will be done if we show that only a finite number, up to isometry, of Riemannian manifolds admit a Riemannian covering by M", so we may assume M simply connected.
We now need only show that there are only a finite numnber of properly discontinuous subgroups of G which give mutually non-isometric quotient manifolds of Al. As conjugate subgroups of G give isometric quotients, we need only show that there are only a finite number of mutually non-conjugate properly discontinuous subgroups of G. As rank. G== rank. K, ad( G) K contains Go so a properly discontinuous subgroup of G meets Go only. at 1 and is thus isomorphic to a subgroup of the finite group G/GO. The proof of Theorem 11 is thus reduced to: LEMMA 11. 1 (MOSTOW). Let G be a compact Lie group and r a finite group. Then G contains only a finite number of conjugacy classes of isomorphs of r.
Proof. Suppose the contrary and let {rn} be a sequence of mutually non-conjugate isomorphs of r which lie in G. We can assumie that rP.
-{yln,1Y2W, * , ymkl} ordered so that 7yjnmyj is an isomorphism rnr -* r for every m and n. As r is finite and G compact, we can assume that each sequence {-yn}n converges, {yj,} -yj. It is clear that z = {y< * , yk} is a subgroup of G, although we don't yet know that the yj are all distinct. A theorem of D. Montgomery and L. Zippin ( [9] , p. 216) says that X has a neighborhood U such that every subgroup of G in U is ad(G)-conjugate to a subgroup of >. As the r,, eventually lie in U, this contradicts their mutual non-conjugacy. QED.
The proof of Theorem 11 also furnishes a proof of: THEOREM 11'. Let M be a compact connected Riemannian homogeneous manifold. If .31 has finite fundamental group, there are only a finite number, up to isometry, of Riemannian manifolds with a given fundamental group which admit M as a Riemannian covering manifold. It any given case, there are only a finite number, up to isometry, of Riemannian manifolds which admit a normal Riemannian covering by Mll with a given group of deck transformations.
THE UNIVERSITY OF CHICAGO.
